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The effect of umklapp scattering on interchain hopping has been investigated for two-coupled 
chains of interacting electrons with half-filled band. By analyzing in terms of renormalization group 
method, we have found that interchain hopping is renormalized to zero and is confined when a 
gap induced by umklapp scattering becomes larger than a critical value. From a phase diagram 
calculated on a plane of the interchain hopping and the gap, we discuss a role of the correlation gap 
which has been studied in metallic state at temperatures above spin density wave state in organic 
conductors. 

PACS numbers: 71.10-Hf, 71.10-Pm, 7f.30.+h, 75.30.Fv 



The linear chain conductors, called Bechgaard salts 
and described by the formula (TMTTF) 2 X and 
(TMTSF) 2 X - where TMTTF and TMTSF stands for 
tetramethyltetrathiofulvalene and tetramethyitetrase- 
lcnofulvalene respectively, and X refers to various counter 
ions - have been, over the years the subject to inten- 
sive studies. Early attention has focused on the various 
broken symmetry (magnetic and superconducting) states 
but recently the state above the phase transition became 
the subject of intensive studies. In these salts the trans- 
fer integrals are different in different .directions and they 
span a wide range of dimensionality^. While the band 
width along the chain direction is comparable in the var- 
ious salts, and the bandwidth in the least conduction 
direction is rather small, the transfer integral in the sec- 
ond best conducting (b) directioLa-jncreases going from 
the TMTTF to the TMTSF saltsBH. One central feature 
of these salts is that there is a transfer of one electron 
from the TMTTF or TMTSF chain to the X counter ions, 
and also there is a dimerization along the TMTTF and 
TMTSF chains and thus these materials can be regarded 
as having a half-filled electron band, thus umklapp scat- 
tering is important. 

Various experiments give evidence for a charge gap 
for the TMTTF salts and a metallic behavior for the 
TMTSF salts. -Recent optical, transport and dielec- 
tric experiments!!, taken together with photoemission 
measurements lead to a picture where, with increasing 
transfer integral tf, a transition occurs from an insulat- 
ing state where electrons are confined to the individual 
chains, to a metallic state where the electrons are decon- 
fined. This transition occurs where % becomes compara- 
ble to the charge gap. 

These conductors have been studied theoretically by 
use of a model of quasi-one-dimensional electron systems 
having repulsive intrachain interaction without umklapp 
scattering. The hopping perpendicular to.-chain becomes 
relevant even for a small transfer energyUJ although the 
hopping is suppressed by one-dimensional fluctuation!! 



Two-coupled chains has been studied as a basic model 
which includes intrachain interaction and transverse hop- 
ping. For the Tomonaga-Luttinger model with forward 
scattering , it has been shown that a gap appears in the 
transverse density fluctuations and that degeneracy of 
in-phaser,aiid out-of-phase pairings of density waves is 
removedB~H3. The model with backward scattering ex- 
hibits a phase diagram which is different from that of 
a single chain. In case of Hubbard model with a repul- 
sive interaction and a incommensurate band, the ground 
state of two chains is given by the SC state with-intEL- 
chain and in-phase pairing, i.e., <i-wave like paringi3Ljli-X 
The transverse hopping becomes relevant even for a small 
transfer energy unless the intrachain interaction is ex- 
tremely largeli!! On the other hand, it has been main- 
tained that confinement with no coherent single particle 
hopping occurs in coupled chains of Luttinger liquids 
the interchain hopping smaller than a critical valueE-3 

In this letter, two-coupled chains with intrachain inter- 
action and half-filled band is considered. The model ap- 
plies to the normal state of organic conductors, TMTSF 
and TMTTF salts, for which the importancer-af— umk- 
lapp scattering has been pointed out also earliert§EJ. We 
demonstrate a novel fact that the interchain hopping be- 
comes irrelevant and confined with increasing the magni- 
tude of umklapp scattering. The relevance of our result 
to experiments is also discussed. 

We consider two-coupled chains with the intrachain 
interaction and interchain electron hopping. The kinetic 
energy parallel to the chain is linearized with the Fermi 
velocity v-p (-wf) and Fermi momentum fcp for the right- 
going (left-going) electron, respectively. The intrachain 
interactions consist of forward scattering, backward scat- 
tering and umklapp scattering whose coupling constants 
are defined as 92, 9i and g% respectively. After diag- 
onalization of the term for interchain hopping, the ki- 
netic energy is expressed in terms of bonding state and 
antibonding state with new Fermi momentum, fcp± = 
fcp + (^ft/vp), where t denotes a hopping energy. Apply- 
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ing the bosonization method to electrons around the new 
Fermi points, we introduce Bose fields of phase variables, 
9 p+ and 9 a + {9q+ and #s+)> which express fluctuations 
for the total|-(transverse) charge density and spin density 
respectivelylia The commutation relation with conjugate 



phase is given by [9 p+ (x),6 p ^(x')] = [9 a+ {x), 9 a -(xf)] = 
[9 c+ (x),e c -(x')} = [9 s+ (x),9 s ^(x')]=i7rsgn{x-x'). In 
terms of these phase variables and the bosonization for 
the field operators, our Hamiltonian is given by 
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where v p = v F ^l - (2g 2 - gi) 2 , v a = v F ^/T yi , ^ p 

[{l-(2.g 2 -. 9l )}/{l + (2.g 2 -3i)}] 1/2 , K a = [(1+30/(1- 
3i)] 1/2 and K c = K s = 1. The quantity a(~ l/fc F ) is 
of the order of the lattice constant and gj = gj/(2-KVp) 
with j =1,2 and 3. In deriving Eq. (|l|), a phase factor 
of the bosonized field operator, which is added to retain 
the aniticommutation gelation, is taken so as to conserve 
the sign of interactioncil. 

We reexpress the nonlinear term in Eq. ([l]) as 
{vp/-Ka 2 )G vp y p < cos V20I/J, cos Vz^r/p' where y/29 vp — 
\/29 vp —ktx/vp for v = C andp = +, and V29 up = V29 up 
otherwise. In the present case, there are twelve cou- 
pling constants, which are given by Gc+,s+ = 92 — 9i, 
Gc+,s- = -92, Gc-,s+ = 92, Gc-,s- = —92 + 9i, 
G<j+.c+ = — G CT+i c- = — G a+ ^+ = — G CT+ ,s- = jji 
and G p+! c+ = G p+ ^- = -G p+ ^s + = G p+ ,s- = .93- 
The renormalization group method is applied to response 
functions for SDW, 4/cf-CDW and SC states, which are 
calculated with the assumption that response funt 
are scaled to the same form for a — > a' = ae t 
Thus renormalization group equations within the second 
order are obtained as ( v — p, a and p,p' = ±) 
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where R% = R^ 1 for p = ±, = v v /vp, t(l) = 
f(0/(wFa _1 ), y = 4f(Z) and J„(y), (n = 0,1), is the 
Bessel function. The variable, I, is written explicitly only 
for t(l) where f(0) = t/ep = t with ep = v-p/a and the 
corresponding energy is given by epexpj— I]. Note that 
these equations in the zero limit of t becomes equal to 
those of one-dimensional case 2 -!. 

We examine both cases of gi = g 2 ^ and gi = 
Oj 92 7^ by calculating renormalization group equations 
for R p (l), R a (l), R c (l), Rs(l) and G vp y p ,(l) with sev- 
eral choices of <?2, gi, 33 and t. For the relevant interchain 
hopping, t(l) increases rapidly with increasing I while t(l) 
decreases to zero for the irrelevant hopping. The relevant 
t(l) corresponds to Rq{1) — > 00 which comes from the 
rapid oscillation of Jo(y) in Eq. (||). The quantity Rc(l) 
represents the degree of transverse charge fluctuation. 
Thus deconfinement (confinement) is obtained when the 
limiting value of Rc(l) becomes infinite (finite). 

In Fig. 1, t(l) and \/Rq(1) are shown as a function of 
I by solid curve and dotted curve, respectively with the 
fixed gs = 0.1, 33c (=0.189) and 0.3 where t — 0.1 and 
gi = c/2 = 0.3. The case for g 3 =0.1 (curves (1) and (4)) 
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Fig. 1: The Z-dependences of and 1/Kq(1) are shown 
by solid curve and dotted curve respectively for g%= 0.1 
((1) and (4)), g 3 = g 3c (= 0.189) ((2) and (5)) and 
<?3 = 0.3 ((3) and (6)), respectively where t — 0.1 and 
gi = g2 = 0.3. The inset shows the (^-dependence 
of l/i^Q 3 ™' which corresponds to the limiting value of 
l/K c (l). 
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Fig. 2: The ^-dependence of g 3c for g~\ = §2 = 0.3 (solid 
curve), g\= §2 = 0.4 (dashed curve) and g\ — 0, §2 = 0.3 
(dash-dotted curve). The case of g 3 > (?3 C (g 3 < <73 C ) cor- 
responds to confinement (deconfinement). 

shows the result leading to deconfinement. With increas- 
ing I, t(l) increases rapidly and 1/Kc(l) decreases mono- 
tonically to zero. Our solution stops at a value of I cor- 
responding to K p {l) ~ due to the divergence of some 
of G vv . v i p '(V) since the present treatment is of the second 
order for the renormalization group equations. The case 
for g 3 = 0.3 (curves (3) and (6)) shows a typical behav- 
ior for confinement. With increasing I, t(l) reduces to 
zero after taking a maximum and 1/ ' Kq{1) remains finite 
even at the limiting value of I. There is a crossover from 



deconfinement to confinement around the location of I 
corresponding to the maximum of t(l) where G p+tVp {l) 
becomes of the order of unity. We also obtained that 
G p+ ^c+(l)/G p+y c-(l) — 1/Kc(l) for the limiting value, 
indicating the irrelevance of the misfit parameter and 
then the interchain hopping. For a critical value given 
by <?3 = 53c (curves (2) and (5)), one finds a marginal be- 
havior where both t{l) and \/Kq{1) reduce to zero at the 
limiting value of I. The /-dependence of KcQ) indicates 
that there is a transition from deconfinement to confine- 
ment as a function of g 3 in the limit of low energy. In 
the inset, the ^-dependence of 1/ Kq YVC1 ' is shown where 
j^asym. j g ^ g jj m j^j n g vame f Kq(1)- The location of <73 C 

is shown by the arrow. For most parameters leading to 
.93 = .93c, the present calculation shows common feature 
that a peak height of t(l) is about 0.82 and cu m /t ~ 0.94 
where u> m is the energy at the peak of t(l). We note that 
the Bessel function, Ji(y), in r.h.s. of Eq. (||) plays a 
crucial role to obtain such a transition where the effect 
of second term of Eq. (||) is negligible for the relevant 
t(l) and becomes large for the irrelevant t(l). With in- 
creasing I, K p (l) decreases to zero where a charge gap 
is formed for K p (l) ~ K p (0)/2, e.g., at I ~ 3.25(1.50) 
for <7 3 = 0.1(0.3). The quantity K$(l) corresponding to 
transverse spin fluctuation is also suppressed by umk- 
lapp scattering. The behavior of total spin fluctuation 
indicates the absence of the spin gap even at low ener- 
gies since K a (l) is almost the same as one-dimensional 
one. Thus one finds that there is a separation of free- 
doms of charge and spin at energy corresponding to a 
correlation gap. Note that the decreases of K„(l) and 
Ks(l) are attributable to the backward scattering. In 
fact, K a (l) — K§(1) = 1 for both regions of confinement 
and deconfinement when gi — 0. 

In Fig. 2, the i-dependence of g 3c is shown for 52 = 
gi = 0.3 (solid curve), 32 = gi — 0.4 (dashed curve) 
and <72 = 0.3, gi — (dash-dotted curve) where the re- 
gion for confinement (deconfinement) is given by 53 > g 3c 
(.93 < .93c)- The boundary is determined mainly by the 
competition between umklapp scattering and interchain 
hopping. In addition to 53, both ^2 and g\ enhance the 
region for confinement where the effect of the forward 
scattering is larger than the backward scattering. As t 
goes to zero, g 3c reduces to zero and then the confinement 
does not exist in the absence of umklapp scattering. 

Now we examine the correlation gap, A, defined by 
A = epexp[— l g ] where l g is evaluated from K p (l g ) = 
K p (Q)/2. We note that such a definition of gap well 
reproduces a magnitude of gap for the oae-dimcnsional 
Hubbard model with the weak couplingpj. It is found 
that A is slightly larger than the energy, u> m , correspond- 
ing to a peak of t(l) in Fig. 1. In the inset of Fig. 3, 
A is shown as a function of ^3 for 52 = .91 = 0.3 (1), 
.92 = .91 = 0.4 (2) and g 2 = 0.3, 51 = (3) with the fixed 
t = 0.1. The quantity A, which is determined mainly by 
(73, is enhanced also by §2 and g\. The i-dependence of 
A is small as is seen from curve (4) which is calculated 
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Fig. 3: The phase diagram of confinement (region (I)) 
and deconfinement (region (II)) on the plane of the in- 
terchain transfer energy, %{= t/2) and the correlation 
gap, A. The solid, dashed and dash-dotted curves denote 
boundaries which are obtained from respective curves in 
Fig. 2. In the inset, the correlation gap, A is shown 
as a function of 33 for g 2 = gi = 0.3, t = 0.1 (1), 
h = 91 = 0.4, t = 0.1 (2), g 2 = 0.3, gi = 0, t = 0.1 
(3) and gi = g\ = 0.3, t = 0.01 (4), respectively. 



The SC state is possible for the region of deconfinement 
with <? 3 -C t and finite energy. We note that SC state is 
also found in other region of 2g 2 — gi <^-\g3\, where the 
umklapp scattering becomes irrelevantlia. 

In conclusion, we have found, by examining the ef- 
fect of umklapp scattering on the interchain hopping in 
two-coupled chains, that the interchain hopping becomes 
irrelevant resulting in the transition from deconfinement 
to confinement when correlation gap induced by umklapp 
scattering becomes larger than the interchain hopping. 
This result supports Giamarchi's assertiorila of the irrel- 
evant hopping by umklapp scattering, but differs slightly 
from that by Kishinc and YonemitsucS who have obtained 
the state with reduced but finite interchain hopping. 

Finally we comment on the metallic state above the de- 
confinement transition, which is highly unusual: there is 
a small Drude weight and a charge gap remaining, while 
the spin excitations are gapless. The state is similar to 
that of a doped Hubbard chainEZI. In a simple minded pic- 
ture single electron transitions between the chains lead 
to deviations to lel/unit cell for both chains - and thus 
to a situation also encountered by doping - but whether 
interchain electron transfer leads to features seen by ex- 
periments remains to be seen. 

This work was partially supported by a Grant-in- Aid 
for Scientific Research from the Ministry of Education, 
Science, Sports and Culture, (09640429) Japan. 



for g 2 = .gi = 0.3 and t = 0.01. Here we introduce 
tb defined as the transfer energy perpendicular to chain 
for quasi-one-dimensional system where tb — t/2 from 
the definition of our Hamiltonian. In terms of A and 
tb{= t/2), the phase diagram is shown in Fig. 3 where 
region (I) and region (II) correspond to confinement and 
deconfinement, respectively. Three boundaries given by 
the solid curve, the dashed curve and the dash-dotted 
curve are evaluated from the corresponding curves in Fig. 
2. It turns out that the ratio of the correlation gap to 
the perpendicular transfer energy is A/4 = 1.8 ~ 2.3 for 
the interval range of 0.01 < tb/ep < 0.1. This value is 
in excellent agreement with experimentsu which indicate 
a transition from a confined insulator to a deconfincd 
metal for between 1.5 and 2. The critical value of A for 
the confinement decreases for the large g 2 and g±. 

The dominant state, which is found with decreasing 
c<j(= epexp[— I]) and for the fixed gs and g 2 = g\ > 0, 
is examined by calculating response functions for SDW 
with the intrachain and out-of-phase pairing and 4fcp- 
CDW with the intrachain and in-phase pairing and SC 
state with the interchain and in-phase pairing. When 
A>t (i.e., <?3 > <?3c), there is a crossover from decon- 
finement to confinement in SDW state at energy given 
by u> ~ uj m (< A). Further, the SDW state moves into 
the confined 4/cp-CDW state at lower energies. When 
A ^ t, all the states are deconfined and SDW state is re- 
placed by 4fcp-CDW state at energy much lower than A. 
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